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PERIODIC ELECTROSTATIC FOCUSING OF A BEAM OF ELLIPTICAL CROSS SECTION
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ABSTRACT': An exactanalyticsolutionhas been given [1] for the shap-
ing of a flat beam with a nonmonotonic potential variation at the
boundary. It has been shown that construction of a periodic focusing
system amounts to calculation of the equipotentials in a part with a
potential distribution symmetric about the center and to coupling of
two such elements via sufficiently thick screening grids whose charge
density varies in 2 definite way. Here I derive a simple analytic solu-
tion for the shaping of a beam of elliptical cross section by approxi-
mating the potential at the boundary via a quadratic parabola [2].
The result for high eccentricity may serve as a model for edge effects
in flat beams of finite width.

We use the elliptical cylindrical coordinates &, 1, z of Fig. 1,
which are related to the Cartesian coordinates x, y, z by
x=a YB—1ishfsiny, y=aYB—1chfcosn,
z ==z,

1)

Let §g< § < =, 0 = 7 = 27 be the Laplace region of the boundary
ellipse € = &, B = (b/a)2 whose semiminor axis is a. The problem is to
solve

O*@/08? + 8%¢/9v® -+ & (B—1) X

X (sh? § 4 sin? ) 8%¢/d22 = O, (2)

which satisfies the following conditions at the boundary § = §y:
g = qo (5) = a + (1—0),
(z/lo—1)?=u+ (1—a) 2%,
g [ 90 = @y = 0. (3)
Here o is the minimum potentiaia = ¢ = 1 intherange 0 =z =
= 20,0 = {1+ 2&1/2) 1 - cc)l/z, Dimensionless variables [1] will be

used to find the solution as a series in (§ — §;) with coefficients de-
pendent on 7 and 2:

=g E—E&)" (k=01,.), 4

for which purpose the expression before a%p/3z% in (2) s put in analo-
gous form:

a? (f—1) (sh?* & -+ sin? 1) = y; E~E)* (=0, 1..). ()
We get for the yi that
Yo = yo (n) = a® (B—1) (sh? & -- sin? v),

o2k
Topog = 08 (B— 1) sh 28o o=y == const,

(6)
Since tanh? &g = 1/8, we get the final formulas
Yo = aH (m) =1/ @ [(8 =~ 1) = (B — 1) cos 2n],
22k—1 227:—1
e = VB i =@y D

Substitution of (4) and (5) into (2) gives us recurrent relations for
the ¢ :

5—1

(5 ) Py A (Boug 1o+ D) T Begg)e” =0
k=0

(s=1,2,...). 8)

Use of (8) gives
(s=1) @2=— 790",
(5=2) @Qs=—"%1P",
(6=3) @a=—u(—%T + 10,
(s=4)  @s=—T/0TsPo">
(s=5) Qo= —"/s(uxYg’ + Ta)Po",
(s=16) @r=—1/11:p",

(s=T" @g=—"s(—n0Te? + 1) Q0"

(s=28) Qg=—1uT:P". 9

In general, it isreadily seen that

TZk‘l ” 22k~1 "
Paers = 2 2k L4y P =2 Vﬁm%,

(k=1,2,...),

- ’\'0(27{-2) ”
%ﬁﬂm[(_”h Rk T T | W

2271‘—2
= - R To (M) @” (k=2,3,...). (10)

We substitute (3) and (10) into (4) and sum the series to get the
following expression for the potential in the region exterior to the
beam:

p=oa -+ (1—a) 22 — 1/, a2 6~% (1—a) { VB (sh 28 —2E) -

B A1) — (B—1) cos 2n] (ch 22 1)}, E=F—&. (11

We use the semiminor axis of the ellipse as the characteristic lin-
ear dimension in the plane of § and n. WithB = H(n) =a = 1, (11) de-
fines the potential for a cylindrical beam, R = 1:

¢g=a -+ (1—a) Z*—1Y;07% 1—a) (R*—2ln B — 1). (12)

This is a further form of approximate analytic solution, which dif-
fers from one previously considered {3]. Figures 2 and 3 give curves
derived from intersection of the surfaces ¢ = const,

(13)

with the half-planes ¢ = const for various values of @ and 3. In con-
structing these curves it is convenient to use formulas relating § and n
to the polar coordinates R and ¥:

T="5Lm(VE =) {r +

+ VIR (cosy [ VR =2 (B —1) RBrcos 2y — (B— 1) +

+ Rreos2p— 3 — DI +sin g x

X [VAR —2(—1) RZcos 2y + (B— 1 — R2cos 2 +

@AD" - VR =@ —1) RZcos 2y + (B — 1%},

—_—

tyn = { Vzhsinyg L

HIV R =23 — R eox2p (B — 1F —

— Rcos2p -+ (3— )] }{ V2 Recos -
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+ VAR —IE—1) Rcos 2§ (B ip +
+ Recos2p— (8 — )] }77,
and also the equation of the boundary ellipse in these coordinates:
Ro= VB [1 4 (p—1) sin® p] .

The curves from right to left correspond to ¢ = 1, 0.9, 0.8, and
then with a step of 0.2. The solid lines in Fig. 3 are for 8 = 100, while
the dashed ones are for B = 900. The difference between these two
families of equipotential surfaces is small for ¢ = 30°, while it is vir-
tually zero for y of 60 and 90°.

Figure 4 shows surfaces of rotation ¢ = const calculated from (12).
The screening grids must have a two-dimensional potential distribu-
tion for an elliptical beam; the dependence ¢(R,y) is easily deduced
from Figs. 2 and 3.

It is to be expected that the deviation of (11) from the exact solu-
tion will be of the same order as in the planar case [1], especially
where the curvature of the boundary is small.
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